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1 Vector Analysis

CHAPTER

IE3H For a vector field A, show explicitly that v - v x 4 = 0; that is, the divergence of the curl of any vector

field is zero.
Solution:
a a, a,
7-9.4549.5,9 53]9 0 9
VXA = 50 STy Y Tz 4 oy oz
A Ay A,
0 . 3 (0A, 0A. . 0A, 9A,
= —-a,+— a, —| ==-=>14 +| ==
ox 8 ox 0z ox ay
_ 0 [0A, 0A, 0 (0A, +aaian
~ ox| ay az ay ox az 0z| dx 9y
_PA A PA A PA A _
© oxdy ox0Z Oyox 0ydz 0Zox 0z0y
2 2
Because 3){?}/ ?9)/8; and so on.

If vx(VxA) =v(V-A) - v2A4, then show that the vector A=xza,+2%4, +yza, satisfy this vector

identity.
Solution:
We have to verify, Vx(VxA) = v(v-A)-v?A ()
a a a
Taking L.H.S. VxA = |9 9 9
ox dy 09z
xz 22 yz
S (92 9, &, + i(yz)—i(z2) a, - iyz—ixz a
Ox oy dy 0z T | ox 0z Y
= (z-22)a, +xa, =-za, + x4, ..(ii)
a, a, a,
i A
Vx(VxA) = x> 9y oz
-z x O
= 0-4,-(+04,+a, = -a,+a, ....(iiii)
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now considering R.H.S

I R 9
A=9Aa+24 494
VAT R ey e
VA= 2 )+%<22)+a—yz=z+y
— a ~ a N 2 AN\ A ~ ~ ~
V(V-A) = §(V A) x+@(V A)ay+a—Z(V Aa, = a—(ZH/)ax+—(Z+)/)ay+—(2+)/)az
=4, +4, (iv)

A = 2 A 2 A 2 A
VZA = VPA 4, +V°A 4, +V°A,4,

d 5 82 82 82 62 N 82 N 62 N 62 82 2
and VA = | —S(x2)+—5(x2)+ —x2) |&, +| —5 (2 + =5 (2 +—=(2) |&, + | —(V2) + —(V2) + —(¥2) | &
32 (x2) 3° (x2) P (x )} Lxg( ) ayg( ) azg( ) } y Lxg (y2) 32 (y2) Py (y2)|a,

-

VA = 23 (V)
From equation (iv) and (v), we get,
V(V-A)-V?A = & +a,-24,= Elz—fly .. (vi)
From equation (iii) and (vi),
RHS

Il
—
T
w
1l
QD

N

|

Q>

Hence Proved.
If F = x°ya, - 274, +(32° + xy)&, , find v x[V.(V.F)].

Solution:

Given F = x°ya, -2za,+(32° + xy)a,

Let us calculate V x [V.(V.F)] step by step.

- d d 0
VF = g(xz)/) - @(ZZ) + 5(322 +xY) = 2xy + 62
V(V.F) = V. (2xy + 62)
= %(ny +62)a, + %(ny +62)a, + %(ny +62)a, = 2ya, +2xa, + 64,
VX[V.(V.F)] = Vx(2y4, +2x4, +63,)

a a, a,
d d 0 (@ _ a(QX)Jé _ (@ _ 3(2)/))é +(3(ZX) _ G(QV)J 3

= _  — — = X % >
ox dy 0z oy 0z ox 0z ox ay
2y 2x 6

=04, - 04, +(2-2)a,=0
Notethat yxv.F =0

m E and F are vector fields given by E=2x 4, +4,+yz&, and F = xy &, - y?a, + xy za,. Determine
(a) |El at (1, 2, 3)
(b) The component of E along Fat (1, 2, 3)
(c) A vector perpendicular to both E and F at (0, 1, -3) whose magnitude is unity.
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Solution:
(a) E =2xa +a,+yza,; Atpoint(1,2,3)=E = 24 +4a,+6a,
Bl = V22 + £ +62 = J41=6.403
(b) F=xya -y &, +xyza, ; At(1,23) F =24 -44,+64,

. The component of E along F

E‘ all
| |

F=""(a,-44,+6a,) = 1.2864,-25714,+38574,

(c) At (0, 1,-3)

mL o ml
|
=
<

ml
X
i

H+
I
H+
Q>

ey =

mi

X

L
=

EXA Lot H =5psing 4, — pzcos 03, +2pa, Alm. At point P(2, 30°, -1) find:

(a) a unit vector along H. (b) the component of H parallel to &,.

(c) the component of H normal to p = 2. (d) the component of H tangential to ¢ = 30°.
Solution:

AtP, =2 ¢=30°z=-1

Y
H = 10sin30 &, +2c0s30°4, +44, = 53, +1.732 4, + 43, AIm
(a) Unitvector along H,
54, +1.732 4, + 4a . . .
5, = 2> %G 0.75384,+0.26114, +0.6034,
V52 +1.7322 4 42

(b) The relation between Cartesian coordinates (A , A, A,) and cylindrical coordinates (Ap, Ay A))is given as:

Ay cos¢p sing O] A, A, cosd -sing O] A
Ay | = |-sing coso O A, and A, | =|sino cos¢ O] A
A 0 0 1][A, A, 0 0 1]la,
H =

Hp Ccoso — H¢ sing
= 5p sing cosd — pzcoso sind

X

At P, p=5 ¢=30° z=-1
H = H.a, =(25sin30°cos30° + 5sin30°c0s30°) &, = 134, A/m
(c) Normaltop = 2is H, = Hp a,
ie. Hp, = 0.7538 4, Alm
(d) Tangentialto ¢ = 30°

H,= H,-&,+H,a, = 0.7538 &4,+0.6034, A/m
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m Find the rate at which the scalar function, V = r2 sin 2¢, in cylindrical co-ordinates, increases in the

direction of the vector A = &, + &, at the point having co-ordinates (2, n/4, 0).

Solution:
As we know that, Gradient is a vector that represents both the magnitude and the direction of maximum space

rate of the increase of the scalar function i.e.

av . .
rad V=vV= "3 Al
9 o (i)

But in cylindrical coordinate system, the grad V can be defined as,

\v4 \/ — yé + 1 a_V 5 + ﬂ/é
BT G T R P
For the case under consideration, the quantity required is,

—

VV.a, = vy A a2 w4, 0)

4
From equation (i) we have,

22 sin2e)a 4122 sin2e)a, + 2-(Psin 20)3
VV= ar(r S|n2¢)a,+ra¢(r S|n2¢)a¢+az(r sin 2¢)a,.

or, V V= 2rsin2¢ & + 2rcos 20 é¢
Now, VV-A = (2rsin2¢ & +2rcos2y ,)-(& +a,)
or, VV- A = 2rsin2¢ + 2rcos2¢ -..(iii)
Also, A = N+ =2
. VV.A 1 .
VV-a, = ——— = —=[2rsin2¢ + 2rcos2¢

= (V2 rsin2¢ +~/2 rcos2¢)

Now, (Vv'éA)at(2,n/4,O) = @xesin(Zx%j+ 2x2xcos(2xgj = 22

Write down the Divergence theorem. An electric field at point P, expressed in cylindrical co-ordinate
system is given by,

E =3r?sin¢4, +2r? cos 04,

Find the value of divergence of the field if the location of point ‘P’ is given by (9, 9, 9) in Cartesian co-
ordinate system.

Solution:
Divergence Theorem: The divergence theorem states that, the volume integral of the divergence of a vector
field ‘A’, taken over any volume V'is equal to the surface integral of A, taken over the closed surface that is

[v-Aav = $A-ds
S

v
Given that,
E = 3r’sinog, +2r’cos¢a,
In cylindrical coordinate system,
= 19 10E, OE 10 3. 10 10
V-E = ——(rE,))+——+—% = ——(3r’sin¢g)+ ——(2r° cos
Far BT e Tr T rar s )
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;(9r2 sino) + ;(2r2(—sin¢)) = 9rsin¢ - 2rsing

V.-E = 7rsino
Converting into Cartesian co-ordinates
r= J24)2
and sing = y
X2+ y?
2 9
VE = 7df+y? | L | =7J0?+9? 2 -7x9=63
Jx2 +y? V9? +92
V.-E = 63
EX) (a) Given vector F = x?ya, + 2xy2a,, find circulation of F along a closed path OABC as shown in
figure below:
y
C(, 1) B(1. 1)
0(0, 0)
A(1,0) x

(b) Check the above result using Stoke’s theorem. According to Stoke’s theorem
g].)l—f- ai = I(Vx ﬁ)%

Solution:

(a) In aclosed path the circulation of vector £ is given as
45/_-".671' = _[+_[+_[+_[/?-c_ﬂ'
OA AB BC CO
Given F = x?ya, +2xy%a, ;di=dxa, +dya, ; and F -di = F,dx + F,dy = x’ydx + 2xydy
For path OA, dy=0,y=0,F=0

and, ‘[Fa = J.xzydx=0
OA OA

For path AB, dx = 0,x =1, F= y&, +2y°4,

and IF.dz - J.2y2dy=2L=g(1_O)=g

AB 0 3 3 3

For path BC, dy=0, y=1, F=x%4 +2x4,
- — 9 ¥ -
and, F.dl = .[Xde:_:_
1 3 3





